A higher-order refined model with seven degrees of freedom per node is presented in this paper for the free vibration analysis of composite and sandwich arches. The strain field is modeled through cubic axial, cubic transverse shear and linear transverse normal strain components. As the cross-sectional warping is accurately modeled by this theory, it does not require any shear correction factor. The stress-strain relationship is derived from an orthotropic lamina in a threedimensional state of stress. The proposed higher-order formulation is validated, in this first part, through arches with various curvatures, aspect ratios, boundary conditions and materials. r
Introduction
Laminated composite and sandwich arches or curved beams are being used in various automotive, aero space, energy, medical and sports applications, to name a few, due to their high strength to weight ratio. Developing predictive capabilities to assess their vibration characteristics, a priori, is a key aspect of design of components with such materials.
Ahmed [1] evaluated the vibration characteristics of curved sandwich beams using finite elements with three to five degrees of freedom per node. He studied effects of factors such as core-face density ratio, core rigidity, core-face thickness and subtended angle on the arch frequency. Similarly, Petyt and Fleischer [2] adopted finite element models for the radial vibrations of a curved beam. They ascertained the role of subtended angle on the frequencies, for various end conditions. Veletsos et al. [3] studied the free vibrations of circular arches in their own plane and their mode shapes, through an iterative numerical procedure. Based on the modal and strain energy distribution patterns, they classified modes as flexural, axial or coupled. They extended their study later [4] by including rotatory inertia and shear deformation.
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www.elsevier.com/locate/jsvi 0022-460X/$ -see front matter r 2007 Elsevier Ltd. All rights reserved. doi:10.1016/j.jsv. 2007 .07. 084 Singh and Singh [5] studied the in plane vibrations of rotating rings and sectors, with shear deformation through finite element method. Balasubramanian and Prathap [6] explored the locking and field-consistency aspects of a shear flexible curved beam element for the vibration of stepped arches.
Heppler [7] developed Timoshenko beam elements, using trigonometric basis functions, for studying the vibration of curved beams. Qatu [8, 9] developed an exact as well as Ritz method-based approximate solutions for the vibration of laminated composite arches. His book [10] elaborates the theoretical basis of composite arch vibrations, in detail.
Auciello and De Rosa [11] studied the vibrations of classical arches through Galerkin, Ritz and finite element methods. They examined the influence of cross-sectional variations and of flexible supports on the vibration of arches. Krishnan and Suresh [12] developed a cubic element to study the effects of curvature, shear deformation and rotary inertia on the fundamental frequency of curved beams. Krishnan et al. [13] explored the role of subtended angle on the fundamental frequency of arches, with various end conditions. Sakiyama et al. [14] studied the free vibrations of sandwich arches with elastic or visco elastic core, various axis shapes and end conditions, through Green functions. Tseng et al. [15, 16] studied the vibrations of firstorder shear deformable arches with variable curvature, using dynamic stiffness method. Kang et al. [17, 18] studied the vibrations of shear deformable circular arches using differential quadrature method. Many authors [19] [20] [21] [22] explored the influence of axial extension, rotatory inertia and shear deformation on the vibrations of arches, in the past.
Khdeir and Reddy [23] developed a third-order theory for the vibration studies of shallow composite arches. Raveendranath et al. studied the performance of a curved beam element with coupled polynomial distributions [24] and also developed a two-noded shear deformable curved element [25] for arch vibrations. Patel et al. [26] developed a B-spline-based curved element for vibration analysis of composite structures.
It can be observed from these studies, that the arch vibration problem had been studied either through classical theory or first-order shear deformable theory of Timoshenko [27] . Also, most of the reported work had been on cross-ply configuration.
The classical theory would be adequate only for thin sections. While the first-order theory can handle deeper sections, it has serious limitations such as the need for a shear correction factor [28] , inability to model the cross-sectional warping-a key factor for sandwich constructions with stiff facings and weak cores. Also, it cannot model the variation of transverse displacement across the thickness or in other words the transverse normal strain. The third-order theory, though more realistic, has been solved through analytical solutions.
Thus, one can see the need for a theory capable of accurately modeling and analyzing deep composite and sandwich arches. This paper presents a higher-order formulation, precisely fulfilling that need. This higher-order theory models the cross-sectional warping through cubic axial strain. It considers the variation of transverse displacement across the thickness through a linearly varying transverse normal strain. Also, it incorporates transverse shear strain, varying cubically across the cross-section. This theory does not require any shear correction factor and employs standard isoparametric elements. Its elasticity matrix had been derived, from an orthotropic lamina assumed to be in a three-dimensional state of stress, in such a way that even angle ply laminations can be studied using one-dimensional elements.
Through the free vibration analyses of shallow to deep and thin to thick laminated arches with various boundary conditions, the proposed higher-order formulation is validated in this paper.
Theoretical formulation
The higher-order displacement model, based on Taylor's series expansion [29] , can be expressed, for an arch, as follows ( Fig. 1) :
where z is the distance from the neutral axis to any point of interest along the depth of the arch, u 0 and w 0 are axial and transverse displacements in x-z plane, y x is the face rotation about y-axis and u
The Lagrangian function, in the absence of external and damping forces can be given as
where T is the kinetic energy and U is the internal strain energy. The same can be expressed as
where
The field variables can be expressed in terms of nodal degrees of freedom as
The strain field for an arch [10, 16] can be expressed as
where R is the radius of curvature. Applying the displacement field from Eqs. (1) and (2) in the above equations, one gets and can be expressed in matrix form as
The strains of Eqs. (8)- (10) can be rewritten in a combined matrix form as
The stress-strain relationship of an orthotropic lamina in a three-dimensional state of stress can be expressed as [30] 
and Q is given by Eqs. (A.17)-(A.29), in Appendix A.
By setting s y ; t xy ; t yz equal to zero in Eq. (13) and deriving the remaining stress components from the same equation [31] , one gets the stress-strain relationship as
(14b) and the expressions for various C matrix elements are given by Eqs. (B.1)-(B.6), in Appendix B.
The internal strain energy can be evaluated using Eqs. (12) and (14) as
and the expansions of various D matrices are given by Eqs. (C.3)-(C.11), in Appendix C. The kinetic energy can be expressed using Eq. (5) as
where r l is the mass density of a layer andm is given by Eqn. (C.12) in Appendix C. The Lagrangian function can be re-stated with Eqs. (15) and (16) as
Finite element modeling
The displacements within an element can be expressed in terms of its nodal displacements in isoparametric formulations as
where a e is a vector containing nodal displacement vectors of an element with n nodes and can be expressed as
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Similarly, the strains with in an element can be written through Eqs (5a) and (12b) as 
where, for a given node n, the strain displacement matrix can be computed as
By substituting Eqs. (19) and (21) in Eq. (18), one gets
Applying Hamilton's principle on L, we get the governing equation of motion as
This equation of motion can be solved by expressing the displacement vector as
whered is the modal vector and o the natural frequency. Substituting Eq. (28) into Eq. (27) , one gets
By solving Eq. (29), using standard eigenvalue solvers [32] , after applying suitable boundary conditions, the natural frequencies and corresponding mode shapes are directly obtained.
Numerical experiments
Numerical experiments have been carried out to study the performance of the proposed higher-order model. This model is validated by comparing its results with those available in the literature. Details such as material properties, lamination scheme and end conditions of every problem solved, are given in Table 1 . A laminated cross-ply arch modeled by a spline function and first-order shear theory [26] is analyzed using the present higher-order model (Table 2) . One can observe close agreement between the results of present formulation and of spline functions. When the subtended angle is 1801, the first mode of vibration is axial, which is not reported in Ref. [26] . The remaining flexural modes compare well between the two.
Next, a cross-ply arch with varying aspect ratios and orthotropy is studied (Table 3) . Flexural frequencies of thicker as well as thinner sections, predicted by the present theory match quite well with those of Ref. [10] . 
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No. of elements: 15 cubic BC: SS, CC Data-7
[1] S ¼ 28 in, R ¼ 168.06 A 901 isotropic arch with different R/r ratios is studied (Table 4) and results are compared with earlier investigations. In the case of deep arch, current results match well with those of a field consistent formulation incorporating shear deformation and rotatory inertia [6] . As the formulations of Veletsos et al. [3] and Raveendranath et al. [24] do not consider transverse shear, their systems are stiffer predicting higher frequencies than those of current higher-order model and Ref. [6] , for deep sections. The fourth and fifth frequencies of higher-order model turn out to be coupled modes, wherein the axial and flexural displacements are predominant, as shown in Figs. 2 and 3 , while the seventh mode is a pure axial mode (Fig. 4) .
In the case of shallow and thin arches, the results of present model and those of Refs. [3, 24] can be seen to be in good agreement, for all modes. It is interesting to see the fifth vibration mode of current model, which is flexural, where in the entire transverse displacement being on the positive y-axis (Fig. 5) .
Another cross-ply clamped arch is analyzed for various internal angles-zero to P radians (Table 5) . For all the internal angles, close agreement between the present model and earlier works can be observed.
In Table 6 , natural frequencies of a simply supported circular arch, reported by Heppler [7] , Krishnan et al. [13] and Tufekci [19] are compared with those of present higher-order theory. One can observe that the prediction of the current formulation being quite closer to those of an exact solution [19] for the entire range of subtended angles. Similarly, close agreement between the finite element results [13] and the present theory can be seen, for the fundamental mode. However, the considerable difference between the results of Heppler [7] and the rest, at higher internal angles and in higher modes can be attributed [19] to the adoption of a constant number of (eight) straight beam elements to model the arch by Heppler. As the arc length increases with the increase in subtended angle, employing constant number of elements would be inadequate to model the arch accurately, resulting in errors. It can be seen that the fundamental mode of vibration becomes axial, as the internal angle reaches 1801 or more; for the rest it remains flexural. This is an ideal example for the validation of the current model, possibly for the widest range of internal angles from 101 to 3501. Table 6 Natural frequencies (rad/s) of hinged circular arch (Data-5)

Ref. [7] 5849.90 19852.00 41173.00 50054.00 Ref. [13] 5874 Another isotropic arch with SS and CC end conditions and various internal angles, up to 3601, is analyzed and compared with the results of ref. [18] . Close agreement between the two can be observed in Table 7 .
Next, a sandwich arch analyzed earlier by Ahmed [1, 33] and later by Sakiyama et al. [14] is studied using the present model (Table 8) . As the first work of Ahmed [1] did not capture the transverse shear deformation, its frequency predictions have been quite high compared with other works, for all types of end conditions; while his subsequent work [33] on shear deformable sandwich beam agrees closely with the present model and Ref. [14] , for clamped-clamped condition. The magnitude of frequencies of higher-order theory can be seen to be closer to those of first-order theory with a constant shear strain approximation [14] , as the arch is a thin one with a S/t ratio of 52. As the current model employs additional higher-order degrees of freedom, it becomes more flexible than the rest.
These examples had been carefully chosen in order to capture the variation in curvature, aspect ratio and degree of orthotropy, on the vibration characteristics. The accuracy and adequacy of the higher-order model are validated, through the good agreement observed between the present model and the earlier works.
Conclusions
A higher-order model with transverse shear and normal strain components is formulated for studying the free vibrations of laminated arches. The proposed model can study shallow to deep and thin to thick arch geometries quite effectively. Through the constitutive relationship, adapted from the three-dimensional stress-strain relationship of an orthotropic lamina, even angle-ply laminates can be analyzed using onedimensional elements. The proposed higher-order model is validated, in the first part of this paper, through the correlation of isotropic, orthotropic, composite and sandwich arch vibration characteristics with those of earlier investigations. In the second part of this paper, frequency spectrums of the higher-order model are identified and studied in greater detail. 
